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1 ÚÚÚóóó

�©?Ø Lidstone .>�¯K

(−1)nu(2n)(t) = f(t, u(t), u′′(t), · · · , u(2(n−1))(t)), 0 < t < 1, (1.1)

u(2i)(0) = u(2i)(1) = 0, i = 0, 1, · · · , n− 1, (1.2)

Ù¥ f : [0, 1]×
∏n−1

i=0 (−1)i[0,+∞) −→ (−1)n[0,+∞) ëY, � n > 1.

2n��©�§3åÆÚO�Å�Æ�Eâ�+�¥ké��A^. ~X, n = 1�,©[1]|

^�.:nØy²
��>�¯K�)��35. n = 2�, (1.1), (1.2)�òz�o�ù�§,Ï

d,Ta¯K�ïÄ��
ÃõÆö�'5[7-12]. 3©[2]¥,�öÏL$^ Guo-KrasnoselskiiØ

Ä:½n, ¼�
o� Lidstone >�¯K)��35, ©[3]$^ Leggett-Williams ½n��


o� Lidstone >�¯Ké¡)��35. ���/, éu 2n � Lidstone >�¯K, ©[4]¥, $

∗Ä7�8: I[g,�ÆÄ7(11401479).

�ö{0: Ü�´ (1996-), å, Çx,Ü����Æ.
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^ Krasnosel’skii ØÄ:½n3·�^�e¼� n ��)��35, ©[5]$^ Rabinowitz �Û

©Ü½n¼� Lidstone >�¯K)��35, ©[6]?Ø
õ�)��35, �´Ù¥�Ü©

(J�6u f 3 u = 0 ½ u = ∞ ?O�5��. @o, � f =÷v,ÛÜ^��, ´Ä�U�

��)��35(J? �d, �©ÏL�EÜ·�I, ¿$^I.��Ø �ØÄ:½n, Áã¼

�¯K(1.1),(1.2)�)��35.

�©�Ì�óäXe:

½½½nnn 1.1 � E ´ Banach �m,� K ⊂ E ´ E ¥���I. Ω1, Ω2 ´ E �mf

8, 0 ∈ Ω1, Ω1 ⊂ Ω2, e�ëY�f

A : K ∩ (Ω2 \ Ω1) −→ K

÷vµ

(1) ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1, ¿� ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2 ½

(2) ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1, ¿� ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2,

K A 3 K ∩ (Ω2 \ Ω1) þk��ØÄ:.

2 ýýý������£££

ÚÚÚnnn 2.1 àg>�¯K

u(2n)(t) = 0, 0 ≤ t ≤ 1

u(2i)(0) = u(2i)(t) = 0, i = 0, 1, . . . , n− 1.

���¼ê Gn(t, s) �L«�:

Gi(t, s) =

∫ 1

0
G(t, τ)Gi−1(τ, s)dτ, i = 2, 3, . . . , n,

Ù¥, G(t, s) ´��>�¯K u′′(t) = 0, u(0) = u(1) = 0 ���¼ê,

G(t, s) =

 t(1− s), 0 ≤ t ≤ s ≤ 1,

s(1− t), 0 ≤ s ≤ t ≤ 1.

?�Ú, Gn(t, s) ÷v: 
Gn(t,s)

Gn(s, s)
≤ 1, t ∈ [0, 1], s ∈ [0, 1],

Gn(t,s)

Gn(s, s)
≥ 1

4
, t ∈ [

1

4
,
3

4
], s ∈ [0, 1].

Gn(t,s)

Gn−i(s, s)
=


(
1

6
)i

1− t
1− s

≥ (
1

6
)i · 1

4
, 0 ≤ s ≤ t ≤ 3

4
, i = [1, n− 1]Z,

(
1

6
)i
t

s
≥ (

1

6
)it ≥ (

1

6
)i · 1

4
,

1

4
≤ t ≤ s ≤ 1, i = [1, n− 1]Z.

yyy²²². Ï�

G1(t, s) = G(t, s) =

 t(1− s), 0 ≤ t ≤ s ≤ 1,

s(1− t), 0 ≤ s ≤ t ≤ 1,
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� 0 ≤ t ≤ s ≤ 1 �,

G2(t, s) =

∫ 1

0
t(1− τ)τ(1− s)dτ =

1

6
t(1− s),

G3(t, s) =

∫ 1

0
t(1− τ)

1

6
τ(1− s)dτ =

1

6
G2(t, s) =

1

36
t(1− s),

...

Gn(t, s) = (
1

6
)n−1t(1− s).

Ón, � 0 ≤ s ≤ t ≤ 1 �, Gn(t, s) = (16)n−1s(1− t).
Kk

Gn(t,s)

Gn(s, s)
≤ 1, t ∈ [0, 1],

Ú

Gn(t,s)

Gn(s, s)
=


1− t
1− s

≥ 1

4
, 0 ≤ s ≤ t ≤ 3

4
,

t

s
≥ t ≥ 1

4
,

1

4
≤ t ≤ s ≤ 1.

Gn(t,s)

Gn−i(s, s)
=


(
1

6
)i · 1− t

1− s
≥ (

1

6
)i · 1

4
, 0 ≤ s ≤ t ≤ 3

4
, i = [1, n− 1]Z.

(
1

6
)i · t

s
≥ (

1

6
)i · t ≥ (

1

6
)i · 1

4
,

1

4
≤ t ≤ s ≤ 1, i = [1, n− 1]Z.

�

3 ÌÌÌ���(((ØØØ

� C[0, 1] = {u | u 3 [0, 1] þëY}, Ùþ�ê� |u|0 = max |u(t)|. C2(n−1)[0, 1] = {u |
u(t), u′′(t), · · · , u(2(n−1))(t) ∈ C[0, 1]}, Ùþ�ê� ‖u‖ = max{|u|0, |u′′|0, · · · , |u(2(n−1))|0}. ½
Â��8Ü K ⊂ C2(n−1)[0, 1] �:

K = {u ∈ C2(n−1)[0, 1] : u(t) ≥ 0, (−1)iu(2i)(t) ≥ 1

4
· (1

6
)n−1‖u‖, 1

4
< t <

3

4
, i = 0, 1, . . . , n− 1}.

K K � C2(n−1)[0, 1] ¥���I.

½½½nnn 3.1 b��3ü��u"�ëê λ Ú η ¦�

(H1) (−1)nf(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ λ(
∫ 1
0 Gn(t, s)ds)−1, (t, u, u′′, · · · , u(2(n−1))) ∈

[0, 1]×
∏n−1

i=0 (−1)i[0, λ],

Ú

(H2) (−1)nf(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≥ η(
∫ 3

4
1
4

Gn(12 , s)ds)
−1, (t, u, u′′, · · · , u(2(n−1))) ∈

[14 ,
3
4 ]×

∏n−1
i=0 (−1)i[14 · (

1
6)n−1η, η].

¤á. K¯K (1.1),(1.2) ���3���) u , ¿� ‖u‖ 0u λ Ú η �m.

yyy²²². Ø���5, ·�b� λ < η . � u = u(t) ´(1.1), (1.2)���), K u ´�f�§

u(t) = (−1)n
∫ 1

0
Gn(t, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds := Au(t)

���).
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� t ∈ [14 ,
3
4 ] �,

Au(t) = (−1)n
∫ 1

0
Gn(t, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

= (−1)n
∫ 1

0

Gn(t, s)

Gn(s, s)
Gn(s, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

≥ 1

4
(−1)n

∫ 1

0
Gn(s, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

=
1

4
|Au|0

Au(t) = (−1)n
∫ 1

0
Gn(t, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

= (−1)n
∫ 1

0

Gn(t, s)

Gn−1(s, s)
Gn−1(s, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

≥ (−1)
1

4
· 1

6
(−1)n−1

∫ 1

0
Gn−1(s, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

= −1

6
· 1

4
|Au′′|0

. . .

Au(t) ≥ (−1)i · 1

4
· (1

6
)i(−1)n−i

∫ 1

0
Gn−i(s, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

= (−1)i · 1

4
· (1

6
)i|Au(2i)|0

. . .

Au(t) ≥ (−1)n−1
1

4
· (1

6
)n−1|Au(2(n−1))|0.

Kk Au(t) ≥ 1
4 · (

1
6)n−1‖Au(t)‖, t ∈ [14 ,

3
4 ].

Ón, (−1)Au′′(t) ≥ 1
4 · (

1
6)n−2‖Au(t)‖, � (−1)iu(2i)(t) ≥ 1

4 · (
1
6)n−1‖u‖.

� Ω1 := {u ∈ K |‖ u ‖< λ}. � u ∈ ∂Ω1, d (H1) ÚÚn 2.1 ��,

Au(t) = (−1)n
∫ 1

0
Gn(t, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

≤ (−1)n
∫ 1

0
Gn(s, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds

≤ λ(

∫ 1

0
Gn(s, s)ds)−1(

∫ 1

0
Gn(s, s)ds)

‖ u ‖
λ

=‖ u ‖ .

Ïd, ‖ Au ‖≤‖ u ‖, u ∈ ∂Ω1.

� Ω2 := {u ∈ K |‖ u ‖< η}. � u ∈ ∂Ω2, �d K �½Â��,
(−1)iu(2i)(t) ≤‖ u ‖= η, t ∈ [0, 1],

(−1)iu(2i)(t) ≥ 1

4
· (1

6
)n−1 ‖ u ‖≥ 1

4
· (1

6
)n−1η, t ∈ [

1

4
,
3

4
].
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k 1
4 · (

1
6)n−1η ≤ (−1)iu(2i)(t) ≤ η, t ∈ [14 ,

3
4 ]. Ïd, d (H2) ��,

Au(
1

2
) = (−1)n

∫ 1

0
Gn(

1

2
, s)f(s, u(s), u′′(s), . . . , u(2i)(s), . . . , u(2(n−1))(s))ds.

≥ η(

∫ 3
4

1
4

Gn(
1

2
, s)ds)−1(

∫ 3
4

1
4

Gn(
1

2
, s)ds)

‖ u ‖
η

=‖ u ‖ .

Ïd, ‖ Au ‖≥‖ u ‖, u ∈ ∂Ω2.

nþ, (1.1),(1.2) ���3���) u , � λ ≤ ‖u‖ ≤ η.

�

555PPP -

U = (u0, u1, · · · , un−1) ∈ Rn, |U | =
√
u20 + u21 + · · ·+ u2n−1

�k

max f0 := lim
|U |→0+

max
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

,

min f0 := lim
|U |→0+

min
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

,

max f∞ := lim
|U |→∞

max
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

,

min f∞ := lim
|U |→∞

min
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

,

½½½nnn 3.2 -

(

∫ 1

0
Gn(t, s)ds)−1 = A, (

∫ 3
4

1
4

Gn(
1

2
, s)ds)−1 = B.

Kk±e(Jµ

(a) b� max f0 := C1 ∈ [0, A), -ε = A− C1 > 0, d��3 λ1 > 0 (λ1 �À?¿�) ¦�

max
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

≤ ε+ C1 = A,

(u, u′′, · · · , u(2(n−1))) ∈
∏n−1

i=0 (−1)i[0, λ1]. Kk,

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ Au ≤ Aλ1,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[0, λ1]. �½n 3.1 �b�( (H1) )¤á.
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(b) b� min f∞ := C2 ∈ ( 1
1
4
·( 1

6
)n−1B,∞), -ε = C2 − 1

1
4
·( 1

6
)n−1B > 0, d��3 η1 > 0 (η1 �

À?¿�) ¦�

min
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

≥ −ε+ C2 =
1

1
4 · (

1
6)n−1

B,

(u, u′′, · · · , u(2(n−1))) ∈
∏n−1

i=0 (−1)i[14 · (
1
6)n−1η1, η1]. Kk,

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≥ 1
1
4 · (

1
6)n−1

Bu ≥ 1
1
4 · (

1
6)n−1

B · 1

4
· (1

6
)n−1η1 = Bη1,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[14 · (

1
6)n−1η1, η1], �½n 3.1 �b�( (H2) )¤á.

(c) b� min f0 := C3 ∈ ( 1
1
4
·( 1

6
)n−1B,∞), -ε = C3 − 1

1
4
·( 1

6
)n−1B > 0, d��3 η2 > 0 (η2 �

À?¿�) ¦�

min
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

≥ −ε+ C3 =
1

1
4 · (

1
6)n−1

B,

(u, u′′, · · · , u(2(n−1))) ∈
∏n−1

i=0 (−1)i(0, η2]. Kk,

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≥ 1
1
4 · (

1
6)n−1

Bu ≥ 1
1
4 · (

1
6)n−1

B · 1

4
· (1

6
)n−1η2 = Bη2,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[14 · (

1
6)n−1η2, η2], �½n 3.1 �b� (H2) ¤á.

(d) b� max f∞ := C4 ∈ [0, A), - ε = A− C4 > 0, d��3 δ > 0 (δ �À?¿�) ¦�

(H3) max
t∈[0,1]

f(t, u(t), u′′(t), · · · , u(2(n−1))(t))
|U |

≤ ε+C4 = A, (u, u′′, · · · , u(2(n−1))) ∈
n−1∏
i=0

(−1)i[δ,∞)

¤á. Kk±eü«�¹:

(I) b� maxt∈[0,1] f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ´k.�, =

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ L, (t, u, u′′, · · · , u(2(n−1))) ∈ [
1

4
,
3

4
]×

n−1∏
i=0

(−1)i[0,∞).

- λ2 = L
A (L �À?¿�, λ2 ��À?¿�),

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ L = Aλ2,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i, [0, λ2] ⊆ [0, 1]×

∏n−1
i=0 (−1)i[0,∞).
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(II) b� maxt∈[0,1] f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ´Ã.�, =�3 λ2 ≥ δ (λ2 �À?¿

�) Ú t0 ∈ [0, 1] ¦�

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ f(t0, λ2, λ2, · · · , λ2),

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[0, λ2]. d λ2 ≥ δ Ú (H3) ��

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ f(t0, λ2, λ2, · · · , λ2) ≤ Aλ2,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[0, λ2].

d (I) Ú (II) ¤á, ��½n 3.1 �b� (H1) ¤á.

Ïd, d½n 3.2 �k±eíØ¤á:

íííØØØ 1 b�

(1) max f0 := C1 ∈ [0, A) � min f∞ := C2 ∈ ( 1
1
4
·( 1

6
)n−1B,∞), ½

(2) min f0 := C3 ∈ ( 1
1
4
·( 1

6
)n−1B,∞) � max f∞ := C4 ∈ [0, A).

¤á. K¯K (1.1)-(1.2) ���3���).

yyy²²² d½n 3.1 Ú½n 3.2 �����(J.

íííØØØ 2 b�

(H4) min f∞ := C2,min f0 := C3 ∈ ( 1
1
4
·( 1

6
)n−1B,∞), Ú

(H5) �3 λ∗ > 0 , ¦� f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ Aλ∗, (t, u, u′, · · · , u2(n−1))

∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[0, λ∗].

¤á. K¯K (1.1)-(1.2) ���3ü��) u1 Ú u1 ÷v 0 <‖ u1 ‖< λ∗ <‖ u2 ‖ .

yyy²²². d½n 3.2,�3ü�¢ê η1 Ú η2 ÷v 0 < η2 < λ∗ < η1. ¦�

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≥ Bη1,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[14 · (

1
6)n−1η1, η1], Ú

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≥ Bη2,

(t, u, u′′, · · · , u(2(n−1))) ∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[14 · (

1
6)n−1η2, η2], ¤á.

Kd½n 3.1 �� (1.1)(1.2) ���3ü��) u1 Ú u1, ÷v η2 <‖ u1 ‖< λ∗ <‖ u2 ‖< η1.

7



íííØØØ 3 b�

(H6) max f0 := C1,max f∞ := C4 ∈ [0, A), Ú

(H7) �3 η∗ > 0 , ¦� f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ Bη∗, (t, u, u′′, · · · , u(2(n−1)))

∈ [14 ,
3
4 ]×

∏n−1
i=0 (−1)i[14 · (

1
6)n−1η∗, η∗].

¤á. K¯K (1.1)(1.2) ���3ü��) u1 Ú u1 ÷v 0 <‖ u1 ‖< η∗ <‖ u2 ‖ .

yyy²²² d½n 3.2, �3ü�¢ê η1 Ú η2 ÷v 0 < η1 < η∗ < η2, ¦�

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ Aλ1, (t, u, u′′, · · · , u(2(n−1))) ∈ [
1

4
,
3

4
]×

n−1∏
i=0

(−1)i[0, λ1],

Ú

f(t, u(t), u′′(t), · · · , u(2(n−1))(t)) ≤ Aλ2, (t, u, u′′, · · · , u(2(n−1))) ∈ [
1

4
,
3

4
]×

n−1∏
i=0

(−1)i[0, λ2]

¤á. Kd½n 3.1 �� (1.1)(1.2) ���3ü��) u1 Ú u1 ÷v

η1 <‖ u1 ‖< η∗ <‖ u2 ‖< η2.

Figure 2.1

díØ1,2,3��Figure2.1.
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